TANGENT EULER TOP IN GENERAL RELATIVITY 



JOSE NATARIO 

Abstract. We define the tangent Euler top in General Relativity through a 
constrained Lagrangian on the orthonormal frame bundle. The corresponding 
motions are studied to various degrees of approximation, the lowest of which 
is shown to yield the Mathisson-Papapetrou equations. 



Introduction 

As i s well known |Bor09l IHerlOl INoelOl IRos47l ISTMl INJ591 IPW62I |Boy65[ 
WE66 HWE67| . there are two separate sets of problems preventing the consideration 
of generic rigid bodies in General Relativity. The first is the lack of a global notion of 
simultaneity, which renders the notion of distance between two particles undefined. 
Associated to this is the inexistence of arbitrarily fast signals, which would be 
necessary for a rigid body to keep its exact shape. The second problem is that 
even if a family of spacelike slices is somehow singled out to define a notion of 
simultaneity, it is in general impossible to keep the mutual distances of more than 
four particles constant, due to the varying curvature of the slices. 

Nevertheless, it is many times useful to consider approximate notions of rigid- 
ity in General Relativity |Dix701 IER771 ITG83I IV0188I IXTW04j . These are usually 
derived from multipolc or post-Newtonian expansions, which can be quite formida- 
ble. A simpler method for obtaining the (approximate) motion of a small (approx- 
imately) rigid body from a finite-dimensional Lagrangian, mirroring what is done 
in Newtonian mechanics, would therefore be desirable. 

A possibility (suggested by Turakulov [Turj in the context of Newtonian me- 
chanics on a curved space) is to approximate the motion of a rigid body by the 
motion of an orthonormal frame (determined by a naturally defined Lagrangian). 
This avoids the curvature problem. The simultaneity problem can be overcome by 
adding the natural constraint that the frame's timelike unit vector should be tan- 
gent to the motion of the base point (related ideas in flat spacetime can be found 
in [HR74llElT82llTak82| K 

The consequences of this model are explored in the present paper. Section 1 
begins by briefly reviewing the Euler top, in order to set up the notation. The New- 
tonian tangent Euler top on a curved space, which is a toy model for its relativistic 
counterpart, is investigated in Section 2. This generalizes [Tur] . where the discus- 
sion was restricted to spherical tops. The relativistic tangent Euler top is defined in 
Section 3, as well as simpler Lagragians determining the spinning motion only. An 
approximation scheme for these is devised in Section 4, where the quadratic and 
cubic approximations are examined. The first (but not the second) is seen to lead 
to the usual Euler top motion with respect to a Fermi- Walker transported frame. 
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Section 5 studies the exact spinning motion when the base point is moving along a 
geodesic. The corresponding Lagrangian is shown to yield a (new) completely inte- 
grable system on SO(3). Finally, Section 6 analyzes the full Lagrangian in the qua- 
dratic approximation. It is found that the motion of the frame's base point is deter- 
mined by the Mathisson-Papapetrou equation of motion subject to the Mathisson- 
Pirani spin supplementary condition [Mat37| [Pap5l| IPir56| |MTW73| ISemMl ISte04j . 

The present paper thus succeeds in deriving the Mathisson-Papapetrou equation 
from a Lagrangian, defined on the (finite-dimensional) orthonormal frame bundle, 
which is the natural generalization of the Lagrangian for a free rigid body in New- 
tonian mechanics. This is quite different from other approaches inspired on varia- 
tional principles [K721 IYB931 IPor06| , where the authors start with the Mathisson- 
Papapetrou equation and proceed to construct an action (generally with a much 
less clear physical meaning). Moreover, this Lagrangian formulation allows for the 
study of the rotational motion (which can be analyzed for arbitrary motions of the 
center of mass), instead of considering only the evolution of the angular momentum 
tensor. This leads to interesting new mechanical systems on 50(3). 

We use the conventions of [MTW73] (including the Einstein summation conven- 
tion), except for the meaning of the indices, which is the following: latin indices will 
always be associated to an orthonormal frame; they will be spacetime indices (rang- 
ing from to 3) if they are from the beginning of the alphabet (a, b, . . .), and space 
indices (ranging from 1 to 3) if the are from the middle of the alphabet . . .). 
Similarly, greek indices will always be associated to a coordinate system; they will 
be spacetime indices if the are from the beginning of the alphabet (a, /3, . . .), and 
space indices if the are from the middle of the alphabet (/x, v, . . . As is usual, we 
will not worry about the vertical position of space indices on orthonormal frames. 

1. EULER TOP 

We shall use this brief review of the Euler top to set up our notation. For 
simplicity we will consider only the case where the Euler top which spins about its 
center of mass. 

Definition 1.1. The reference configuration of an Euler top is a positive finite 
Borel measure m on I 3 , not supported on any 1-dimensional subspace, and such 
that 

/ £dm = 0, / \\£\\ 2 dm < +oo. 

The mass of the Euler top is M. = m(M. 3 ), and its Euler tensor is the symmetric 
matrix 

Iij = I e?dm. 

A motion of the Euler top is an Euler- Lagrange curve for the Lagrangian L : 
TSO(3) -> K given &?0 

HS, S) = ~ / (St S£) dm = ^-S.J . S.i, = I tr(SIS'). 

I J R 3 I I 

^This complication is unfortunate but inevitable, as we work in the orthonormal frame bundle 
and often distinguish between space and time. 

2 Hcrc we use the usual convention that S can either mean the time derivative of a curve 
S : R — > SO(3) or a tangent vector on the tangent bundle TSO(3). 
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As is well known |Arn97|, IMR99] . the Euler top is completely integrable: in 
addition to the total energy H = L, one can obtain commuting first integrals from 
the conservation of angular momentum. In fact, the Euler-Lagrange equations 
themselves are equivalent to the conservation of angular momentum. 

Theorem 1.2. If S : R — > SO(3) is a motion of the Euler top, then the angular 
momentum matrix 

a = S(IA + AI)S t Gso(3) 
is constant, where A : R — * so(3) is such that S = SA. 

Proof. SO(3) acts on itself by left multiplication, and L = — |tr(AL4) is clearly 
<SO(3)-invariant. By Noether's theorem, the function ¥L(X B ) is conserved along 
the motion for all B G so (3), where FL is the fiber derivative of the Lagrangian 
and X B G X(SO(3)) is the infinitesimal action of B e so(3). Now 



exp(tB)S = BS = SS'BS, 



and hence 



t=o 

1 1 ....... I 



¥L(X B ) = -- tviS'BSIA) - - tr{AIS l BS) = ~ tr(S(IA + AI)S t B). 

The formula ((C, D)) — — | tr(C-D) defines an inner product onso(3). Since ((a, B)) 
is conserved for all B £ so (3), so is a. □ 

Remark 1.3. 

(1) The matrix a is related to the angular momentum vector er through 

cr£ = er x £ 

for all £ € R 3 , i.e. difc = e^oK 

(2) We have a = SY,S l with £ = 7^4 + A/ e so (3). Conservation of a is 
equivalent to the Euler equation |Arn97|. IMR99| IOli02j 

S = SA - AS. 

2. Tangent Euler top on a curved space 

Let OM be the bundle of positive orthonormal frames on an orientecd 3-dimensional 
Riemannian manifold (M, (•,•}). A curve E : R — » OM is given by 

E(t) = (c(t),E 1 (t),E 2 (t),E 3 (t)), 

where c : R — » M is a curve on M and E\,E2,E^ : R — > TM are vector fields along 
c which form a positive orthonormal frame at c(t) for each t G R. 

Definition 2.1. A motion of a tangent Euler top on (M, (•,•)) is an Euler- 
Lagrange curve for the Lagrangian L : TOM — > R given by 

L{E, E) = \ j (c+ eV & Ei,c + pVtEj) dm, 

where V is the Levi-Civita connection and m is the reference configuration of an 
Euler top. 



The hypothesis of orientability is not crucial, as one can always pass to the orientable double 
cover. 
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Remark 2.2. 

(1) Notice that if (M , (•,•}) is R 3 with the Euclidean metric then this Lagrangian 
is just the Lagrangian for a free rigid body. 

(2) Physically, one can expect a tangent Euler top to represent the motion of 
an approximately rigid extended body in the limit in which its size is much 
smaller than the local radius of curvature. 

Theorem 2.3. The motions of a tangent Euler top on (M, (■, •)) are as follows: 
the frame {Ex, E 2 , E 3 } rotates exactly as an Euler top with respect to any frame 
{Ei, E2, E3} which is parallel-transported along the motion of the base point; the 
base point moves according to the equatioi^ 

Dc 1 / - \"i 

(1) M — + -(i(c)n ij ) «7« = o, 

where Ojj are the curvature forms for the frame {Ex, E2, E3}, * : T*M — > TM is 
the isomorphism induced by the metric and a £ so (3) is the angular momentum 
matrix. 

Proof. We define a local trivialization OM\u = U x 50(3) by choosing a local 
orthonormal frame {Ex, E2, E$} C X(U) on a sufficiently small open set U C M. 
For this trivialization we have 

Ei(t) = 5^(t)(^) cW => V d E, = SjiEj + Sji&ffiEk, 

where Co 3 \ are the connection forms associated to our local frame. The Lagrangian 
can therefore be written as 

L=T+K+C+F 

where 

T= \ [ (c,c)dm = ~M(c,c); 

K =\ \ ?&ki&&li(KEl) dm=\ tr(S/S*); 

C= [ eSueSycj^iEk,^) dm = tr(575*cD*(c)); 

F = \ I eSkiU l k (c)e S m] Lo n m {c){E h E n ) dm=\ tr(w(c)S r /5*w*(c)). 

Our task is now to write the Euler-Lagrange equations. For the SO(3) part, we 
notice that if the frame {E\, E2, -E3} happens to be parallel transported along c 
then <jj(c) = 0, and hence only terms coming from the rotational kinetic energy 
K survive in the Euler-Lagrange equations. Therefore {Ex, E2, E3} rotates with 
respect to {Ex, E2, E3} exactly as an Euler top with reference configuration m. For 
the motion of the base point, there will be terms coming from both the translational 
kinetic energy T and the Coriolis term C (but not from the frame term F , which 
is quadratic in w(c)). As is well known, 

d ( dT\ dT Dx" 

Jt [di*) ~dxT ~ M9 ^~dT' 

4 As is usual, = V,; is the covariant derivative along the curve c : R — > M. 
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where <? M „ is the matrix of the metric. Since the trace of the product of a symmetric 
and an anti-symmetric matrices is zero, we can write 

C = iv(SAI = ^tr(5(AT - IA^u^c)) = - tr^fc)) = -a^ui^^ . 

Therefore 

d ( dc\ dc i ( ^ i Ai .„ 

where f2 1 ^ = dcj'j + A £> • are the curvature forms associated to {E\, E%, E3}. 
Consequently, the equations of motion for the base point are 

□ 

Remark 2.4. 

(1) If(M, (•, •)) is R 3 with the Euclidean metric then the curvature forms vanish 
and we obtain the familiar result that the center of mass of a free rigid body 
moves with constant velocity. 

(2) We can write Equation (QP as 

dt 2 vkX 



whe 



s = o- zj Ei <g> Ej 



is the angular momentum tensor. As noticed by Turakulov [Tur] , this 
equation is similar to the Mathisson-Papapetrou equation for a spinning 
particle in General Relativity [Mat37, Pap51 1 . The fact that the angular mo- 
mentum matrix is constant on the parallel transported frame {E\, E^, E%\ 
is translated into the fact that the angular momentum tensor satisfies the 
parallel transport equation 

D^ = Q 
dt 



3. Tangent Euler top in General Relativity 

Let OM be the bundle of positive future-pointing orthonormal frames on an ori- 
ented, time-orientecQ 4-dimensional Lorentzian manifold (M, (•, •}). An admissible 
curve E : M — » OM is given by 

E(t) = (c(;),£ (i),£iW,£2(i),£3W), 

where c : M — > M is a future-directed timelike curve on M parameterized by its 
proper time and Eq, E\, E2, £3 : K — > TM are vector fields along c which form a 
positive orthonormal frame at c(t) satisfying Eo(t) = c(t) for each tel. 



Again this is not a crucial hypothesis, as one can always pass to the time-orientable double 
cover. 
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Definition 3.1. A motion of a tangent Euler top on (M, (•, •}) is a (constrained) 
Euler- Lagrange curve for the Lagrangian L : TOM — > K given by 

L(E,E) = / Kc + fVc-E^c + ^Vc-Ej)!' dm, 

where V is the Levi-Civita connection and m is the reference configuration of an 
Euler top, chosen among all admissible curves, with unspecified final time. 

Remark 3.2. 

(1) This is the natural generalization of the Lagrangian for a (Newtonian) tan- 
gent Euler top on a curved space: one simply replaces the squared velocity 
by its relativistic length. 

(2) Restricting the action to admissible curves means considering bodies which 
are rigid as seen by an observer comoving with the base point. 

(3) We must leave the final time unspecified because we insisted that admissible 
curves should be parameterized by the proper time of the base point, which 
needs not be the same for all admissible curves with given endpoints. 

(4-) A tangent Euler top in General Relativity can therefore be physically inter- 
preted as the motion of an extended body which is approximately rigid as 
seen by an observer placed at its center of mass, in the limit in which the 
body's size is much smaller than the local radius of curvature. 

A simpler problem is obtained by focussing on the spinning motion. To do this, 
we regard the motion c : M — ► M of the base point as given (which may or may not 
be the one arising from Definition 13. 1|) and look for the positive orthonormal frame 
{c(i), Ei(t), E2(t), Es(t)} along c which maximizes the action. Choosing a positive 
orthonormal Fermi- Walker transported frame {c(t), Ei(t), E^t), Es(t)} along c, so 
that 

Vcc(t) = ai(t)Ei(t), V t Et(t) = ai(t)c(t), 

we have 

Ei(t) — Sji(t)(Ej) c ^ =4> VtEi — SjiEj + Sjiajd 
for some curve S : M — > 50(3). Therefore 

(c + eV & Ei,c + eVcEj) = -1 + SkiCSki? - akSkiCatS^ - 2o i 5 J - < ^. 

Definition 3.3. A spinning motion of a tangent Euler top on (M, (•, •)) is an 

(unconstrained) Euler- Lagrange curve for the Lagrangian L : TS0(3) x R — » K 
given by 

L{S, S,t)= [ 1 - S£) + (Si, a(i)} 2 + 2{S£, &(t)> 5 dm, 

where m is the reference configuration of an Euler top and a : M — > K 3 represents 
the proper acceleration on a Fermi- Walker transported frame. 

4. Approximate spinning motions 

Expanding the integrand in the Lagrangian for a spinning motion in power series 
of £ and integrating we can write 

L = X + L (2) +i (3) + ..., 

where L^ is the integral of the term of order n in 
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Definition 4.1. An approximate spinning motion of order n of a tangent 
Euler top is an Euler- Lagrange curve of the truncated Lagrangian 

L = M + L& + ... + L {n \ 

Theorem 4.2. The approximate spinning motions of order 2 of a tangent Euler 
top are exactly the motions of an Euler top with the same reference configuration. 

Proof. One just needs to check that 

L {2) =-\ I (St SO dm. 

□ 

Remark 4.3. Notice that the proper acceleration a does not appear in the expres- 
sion of : in this approximation, the spinning motion completely decouples from 
the translational motion. This is similar to what happens in the Newtonian case 
(and is, of course, the principle underlying the operation of a gyroscope). 

Proposition 4.4. Generically, the approximate spinning motions of order 3 of a 
tangent Euler top are not the motions of an Euler top with the same reference 
configuration. 

Proof. One just needs to check that 

L {3) = \ I (S£,SH)(St,k)dm, 

which generically is not a total time derivative. □ 

Remark 4.5. can be thought of as (minus) the potential energy corresponding 
to the weight of the rotational kinetic energy in the constant "gravitational field" 
—a induced by the acceleration of the center of mass. 



5. Spinning motions along geodesics 



If the spinning motion is along a timelike geodesic, we have a = 0, and the La- 
grangian becomes S l O(3)-invariant. In this case, we can apply Noether's Theorem. 

Theorem 5.1. If S : R — > 50(3) is a spinning motion of a tangent Euler top along 
a timelike geodesic of (M, (•, •)), then a = £ so(3) is constant, where 



f ( M 

7 R 3 ii- 



iM)e - km) 



— dm £ so(3) 



and A : R — > so(3) is such that S = SA. 
Proof. We can write the Lagrangian as 

L(S,S)= ( l-tr((S*0(S'|) t ) 5 dm= ( 1 1 - tr P 



dm. 



s 
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By Noether's theorem, ¥L(X B ) is conserved along the motion for all B 6 so(3), 
where X B G X(SO(3)) is the infinitesimal action of B. Since 



If tr ( S t B S A 1 + A££ t S t B t S) , 
FL(A^) = — / — i — '- dm 

21 ' |l -tr(A^*A*)| 2 




ll-(^,^>l ! 

we see that — \ ti(Ba) = ((B, a)) is conserved for all B 6 so(3), and so is a. □ 
Remark 5.2. 

(1) The angular momentum vector a , related to the matrix a through 

<j£ = er x £ 

for all ^ el 3 , can be seen to have the familiar expression 
cr = / : : r «W- 

Jv \l-{St,S£)\i 

(2) This system is completely integrable: in addition to the total energy 

K = -H= -¥L{A) + L= [ r dm, 

one can obtain commuting first integrals from the conservation of angular 
momentum. In fact, the Euler- Lagrange equations themselves are equivalent 
to the conservation of angular momentum. The images of the motions 
A : M — > so(3) can be obtained from the intersections of the level surfaces 
of the functions K (A) and ((E(A),E(A))) = -± tr(£(,4) 2 ). 

(3) We have 

L(A) = A4 — —lijAkiAkj — —IijkiA m iA m jA n kA n i — . . . 

where 

Ujkl = I CetH'dm, . . . 

Therefore the Euler tensor is not enough to characterize a relativistic tan- 
gent Euler top: the higher multipoles are also required (and become more 
important as the spinning motion becomes more relativistic). 

6. Quadratic ally approximate motions 

We can extend Definition 14. II to the general motion of a tangent Euler top. 

Definition 6.1. A quadratically approximated motion of a tangent Euler top 
on {M, (•,•)) is an Euler- Lagrange curve for the Lagrangian L : TOM — ► R given 
by 

L{E,E)=M- ^IijiVcEuEkjiVcE^Ek), 
chosen among all admissible curves, with unspecified final time. 
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Theorem 6.2. Quadratically approximated motions of a tangent Euler top on 
(M, (•, •)) are as follows: {Ei, E2, £3} rotates exactly as an Euler top with respect to 
{Ei, E2, £3}, where {Eq, Ex, E%, £3} : R — » OM is Fermi- Walker transported along 
the motion of the base point and satisfies Eq = c; the base point moves according 
to the equation 



(2) {M + K)^ + ^L(c)Cl ij ) 



Dc 1 / \i - d / Dc 

~dl\~dt 



^-(—,E J )=0, 



where K is the rotational kinetic energy, Q a b are the curvature forms for the frame 
{Eq, Ei, Ei, £3}, ' : T*M — > TM is the isomorphism induced by the metric and 
a g so (3) is the angular momentum matrix. 

Proof. The spinning motion with respect to a Fermi- Walker transported frame was 
already shown to be that of an Euler top in Section 01 

To compute the motion of the base point we define a local trivialization OM\u = 
U x 50^(3, 1) by choosing a local orthonormal frame {Eq, Ei, £2, £3} C X(U) on 
a sufficiently small open set U C M. For this trivialization we have 

Ei(t) = S a t (t)(E a ) c{t) V 6 Ei = S a t E a + S^tf^h, 

where il> b a are the connection forms associated to our local frame, and hence the 
Lagrangian can be written as 

L = M — i/ w (uabi^S^S^ + Am) (Cu cd (c)S c k S d 3 + A kj ) , 

where A = {A a b ) g so(3, 1) is defined by S = SA S a b = S a c A c b . Notice that 
the conditions S g 0(3, 1) and A g so(3, 1) are conveniently written by raising and 
lowering indices as (S~ 1 ) a b — S b a and A a b = — Aba- 

The best way to deal with the constraint while avoiding introducing coordinates 
on SO^ (3, 1) is to to set up our problem as an optimal control problem (see for 
instance [Law63j, [Pin93]). As state variables we choose the local coordinates x a 
of the base point, the components S a b of the frame vectors and the action 8. As 
control variables we simply chose 6 independent components of the anti-symmetric 
matrix (A a b). The state variables depend on the control variables through the 
solution of the Cauchy problem 

x" = E-S a 

qa _ aa Ac 
3 b — ° c A b 

= M - \h, (u aha E*S C QS\S\ + Aa) (oj dea EfS f S d j S% + A jk 

Our objective is to maximize 81 = 9{ti), i.e. minimize $ = —61, where the final 
time ti is not fixed. To do so, we introduce the multipliers X a , A a b , A (one for each 
differential equation) and set up the Hamiltonian function 

H = \ a E:S a Q + A a b S a c A\ 



+ A 



M - X -h, (cj a b _E a c S C QS a 1 S b k + Au^ (u deP EfS f S d j S e k + A jk 



According to the Pontryagin Maximum Principle, we must select the values of the 
control variables which maximize H. The minimizing curve will then be obtained 
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by solving the Hamilton equations 

dx 



\ _ dH 
A a — —- 



a 6 _ dH 
~ 9S\ 



A = - 



8H 



together with the Cauchy problem. The multiplier A is clearly constant; since Q\ is 
not specified, we must select 

= ~wi °° 1 

(hence A = 1). Moreover, H is constant along the solution. Since ti is not fixed, 
we must have H = 0. 

Because we already know what the spinning motion will be, we do not have 
to write out all the minimum equations. Also, we shall assume that the trivial- 
izing frame {Eq, E\, E2, E3} happens to be Fermi- Walker transported along the 
minimizing curve, with Eq = c. As a consequence, we will have 

&ijaEy = 0, UJiO a EQ = di, S a Q = 6 a 

along this curve. In particular, 

S a = o S a c A c = 0^A a = Q^ A aQ = -A 0a = 

along the minimizing curve. 

We now write the relevant minimum conditions. Maximizing H with respect to 
the control variables A^ yields 

ci FT 

(3) — — = <=> A a l S a0 - A a °S at = A 01 - A o 5 oi = 0. 
oA 0i 

We have the Hamilton equations 

(4) V = -^r = -KK+A l b A\ 



E?S a i S b k ) (ui deP E f S f Q S d 3 S\ + A jk 



-\ a Ef 



and 



(5) A ; = = -A b A l b + I h (^ ofcQ £«S c S\.) (v^Ep^S^ + A jk ) 

+ hj \ & a a a E® S c S a i 
= — Aq An — Iija m S k Aj k + Iija m S n lAji. 
Differentiating (J3j) with respect to t and using (J4j) , dSJ) , and again ([3]) yields 

^aE^Sji — —(IijAjk + AijIj k )S mk a m , 
from which one readily obtains 

(6) Aq-EF" = — cr/ m a m . 
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We must also consider the Hamilton equation 

OH / ~ \ 

(7) Xfj_ = = — Ac-C^-Eg + Iij yd^LUabaEQ S a i S k J Ajk 

-\- Iij ( LU a ba 

We now use our freedom in the choice of local coordinates to select Fermi normal 
coordinates {t ), defined by the parameterization 

x 1 , a; 2 , x 3 ) = exp c(t) (x 1 ^ + x 2 E 2 + x 3 E 3 ), 

where exp p : T p M — > M is the geodesic exponential map. To first order in x we 
can then choos^ 

(see |Poi04j ) . In particular, V^_Ej = for x = 0, from where we can deduce that 
u>ij = and ujQi(Ej) = along the minimizing curve. Equation (JT]) then becomes 

(8) A„ = \ t a n + Iij (dnUlmaEQ SuSrnkj Ajk- 

The quantity At in this equation can be obtained from 

(9) H = X t + h kj SkiAij + M- -IijA ik A jk = 0. 

Maximizing H with respect to Ay (with i < j, say) yields further relations: 
dH 



= & KJS ai - A a l S a: > - I ik A kj + I 3k A kl = 



dAij 

& A-kjSki — h. ki S k j — IikA k j — Ij k Aki- 
These can be used to rewrite the second term in ©, which is 

tr(SAA*) = ~ tr(SAA* + A A* 5*) = - tr(A*SA - 5'AA) = i tr^A*^ - S*A)A). 

After the substitution we obtain 

X t = -M- -IijAn-Ajk = -{M + K), 

where K is the rotational kinetic energy of the Euler top. 

Because d n LUi ma Eg is anti-symmetric in I, m, the quantity multiplying it in ([5]) 
can be replaced by 

— {Iij SliS m kAjk Iij S m iSl k Ajk) — — Su(Iij Ajk Ikj Aji)S m k — —&lm- 

Consequently Equation can be written as 
(10) \ n = ~{M + K)a n + ^d n LJi ma Egai m . 

The curvature forms are given by 

fl b a = du} b a + Lu b c A Lu c a fiy = d&ij - u) i0 A Lo Q j + (bik A Qj k j- 



''Here we use latin indices for the coordinates, as they are associated to the Fermi- 

Walker transported frame. By the same token, the coordinate t coincides with the proper time t 
along the minimizing curve. 
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In components, 

^ijnt = 9 n LUij t — d t ljJij n — U>io n t2jQj t + LOi0t<^0jn + ^ikn^kjt ~ &ikt&kjn- 

Recalling that with our choices = and LUQi(Ej) = along the minimizing 
curve, we have 

on this curve. Therefore (|10[) is equivalent to 



A„ = — (M + K)a n + -SllmntVlm- 

On the other hand, © can be written as 

From these two equations we finally deduce 

[M + K)ai - ^Cljkitajk - ^ij-^- = 0, 
which are the nontrivial components of Equation ^ . □ 
Remark 6.3. 

(1) As one would expect, the remaining minimum conditions lead to the Euler 
equation. 

(2) We can write Equation as 

where 

s = OijEi ® Ej 

is the angular momentum tensoiQ. This equation is exactly the Mathisson- 
Papapetrou equation subject to the Mathisson-Pirani spin supplementary 
condition [Mat37l |Pap51[ lPir56l IMTW73I ISem99l ISteO^ . Notice that the 
total mass appearing in this equation is the sum of the Euler top's rest 
mass M. with its rotational kinetic energy K (which is constant along the 
motion). The fact that the angular momentum matrix is constant on the 
Fermi- Walker transported frame {E\ , Ei , E% } is translated into the fact that 
the angular momentum tensor satisfies the Fermi- Walker transport equation 

dt ~ dt *T + dt T 



^Notice however that many authors define the angular momentum tensor to be s = -s, cor- 
responding to the alternative relation cr^ = ey^c between the angular momentum matrix and 
the angular momentum vector. 

8 As remarked in |Sem99| . the sign of the last term in this equation is misquoted is some 

references (e.g. MTW73, Stc04 ), a problem which can be traced to the (H ) signature used 

in |Pap51||Pir56l . 
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